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Transient Heat-Transfer Analysis
of a Conical Cathode

of an MPD Arcjet

electrons with a moderate electric field while suffering
minimum material loss. But severe surface erosion at the
cathode tip has been observed experimentally2'3 in transient
operating conditions. In such situation, a knowledge of the
temperature distribution along the cathode is essential for
the thermal design of the cathode configuration. In general,
2% thoriated tungsten electrode with a semi-cone angle of
15-30 deg is employed in plasma torches and MPD arc
devices.4 A literature survey shows that transient heat-
transfer analysis of the conical shape cathode has not been
considered.

This Note reports a two-time level implicit scheme for the
numerical solution of the nonlinear transient energy equa-
tion. As will be shown, the scheme is simple, straightfor-
ward, and unconditionally stable and convergent.

Analysis
Consider a one-dimensional cathode of conical shape with

constant thermophysical properties. The configuration is as
shown in Fig. 1. The nondimensional transient equation with
combined conduction, ohmic heating, radiation, and convec-
tion can be written as
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Nomenclature
A,B,C,D = coefficients of square temperature matrix
Bi = Biot number, hL/k
h = heat-transfer coefficient
/ = applied current
k = thermal conductivity
L = cathode length
Qs = heat transfer to cathode root
r = cathode radius
r0 = cathode tip radius
T = local temperature of cathode at x
Ts = cathode temperature at x = 0
TOO = surrounding temperature
t = nondimensional time, /cr/L2

At = computing time
x = space coordinate
X = nondimensional length, x/L
X{ = nondimensional conical length of cathode,
Ax = node thickness
a. = semicone angle
e = emissivity
0 = nondimensional temperature, T/TS
p = electrical resistivity
K = thermal diffusivity
o = Stefan-Boltzmann constant

Subscripts
i,o,R = node identifiers
n = designated the point (t + A/)
n+Vi = intermediate time level

Introduction

MOST magnetoplasmadynamic (MPD) thrusters operate
at.large discharge currents and low mass flow rates in

order to obtain high specific impulse and thrust efficiency.1

It is required that the cathode be operated with high
temperatures at the cathode root to allow the emission of
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with the initial and boundary conditions

0(X,Q)=T0/TS, for all X
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Fig. 1 Quasisteady MPD arcjet.
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Writing Eq. (1) in Crank-Nicholson, two-time level im-
plicit form at the general node /, we can readily obtain the
governing equation in a tridiagonal system of equations of
the form

(4)

The coefficients may be readily obtained in the conical
region for 2<i<j as

values of AJf are defined as 2X{/R and 2(1-^)7^ in the
conical and cylindrical regions, respectively, and the value of
j is equal to R/2, where R is the total number of increments
in complete intervals between 0 and 1.

The temperatures at the intermediate time n + l/2 can be
evaluated by Taylor's forward projection method, which
leads5 to

S(A^)

A/
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and for y'</'</?- 1

and in the cylindrical region f or y < / < / ? — 1 as

A,=

C, =

At the interface (i=j) of the conical and the cylindrical sec-
tions of the cathode, the coefficients of the square
temperature matrix are calculated by satisfying the
temperature and heat flux continuity conditions.

The above forward projection scheme has less stringent
restriction on the time-step size for stability and converges
more rapidly as compared to backward projection method.5

The finite difference analog at / = 1 can be obtained using
Eq. (3b) as
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The constants S, Nn, Nn, and N13 apply to the conical
region and N2\9 N22, and 7V23 to the cylindrical region. The

(6b)
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Fig. 2 Cathode temperature profiles.

Using Eq. (3c), the finite difference analog at i = R is

20*-,,,,+ -2-N2l

[/V21 + 7V22 (7a)

with

From a Taylor's series expansion the local order of ac-
curacy can be shown to be ef +1/2 = 0 [(A^f)2 + (AO2 ], which is
the same as the linear case. The system of difference equa-
tions will be stable and converge according to Refs. 5 and 6.

The tridiagonal system of Eqs. (4-6) can be solved using
Thomas algorithm.5 A FORTRAN computer program has
been prepared for the computation of temperature distribu-
tion along the cathode. The computations have been per-
formed on Cyber 170/730 digital computer for an applied
current strength of 500-2000 A, cathode length of 2.54 cm,
radius of 0.3 and 0.476 cm, semicone angle of 15-45 deg,
and heat-transfer coefficient4 equal to 100 W/m2-K. For
computational purposes, r5 = 3000 K has been selected,
which is below the melting point of tungsten.7 T0 and T^

are taken as 300 and 450 K, respectively. The material prop-
erties4 taken are e = 0.4, k =110 W/m-K, and p = 55x10 ~8

Q-m.
Fine and coarse grid spacing are used in the conical and

cylindrical regions of the cathode, respectively. Twenty grid
points and a time interval of 0.313E-03 are taken for com-
putational purposes. Thus, the dimensionless time step
[(AO/(A^)2] has different values in different regions of the
cathode.

Results and Discussions
Temperature distributions along the cathode for various

values of electric current and geometrical configuration are
depicted in Fig. 2. In order to obtain accuracy and con-
vergence of the finite difference solution, temperature
distribution along the cathode for r = 0.3 and 0.476 cm,
a =15 and 30 deg, and 7=500 and 1000 A are computed,
while keeping the other end of the cathode at temperature
equal to 300 K. It can be seen that the temperature profiles
reached steady state from a transient condition. The steady-
state temperature profiles are compared with the numerical
integration solution4 and are found to be in good agreement.
It is seen that the temperature decreases rapidly along the
nose cone portion of the cathode, while in the remaining
length of the cathode the temperature varies gradually. The
conduction-radiation and the ohmic heating parameters have
a significant influence on the temperature distribution in the
conical portion of the cathode. It is important to mention
here that JVU, N12, and 7V13 are functions of the radius of the
conical region, whereas 7V21,7V22, and 7V23 are constant in the
cylindrical region of the cathode.

Transient temperature distributions at ^ = 0.344 and 0.75
are shown for uncooled cathode base at a = 30 and 45 deg,
respectively, while keeping the other variables unchanged.
For a small increase in time, heat transfer Qs to the cathode
reaches a zero value and the temperature at the cathode root
exceeds the melting point of tungsten. This is attributed to
excessive joule heating near the vicinity of the cathode tip. It
can also be seen that the larger semicone angle of the
cathode can withstand melting for a longer time compared to
a smaller semicone angle.

The present analysis is useful in finding the safe operating
time limit for a plasma torch in case of a coolant failure to a
cathode. An extension of this analysis makes it possible to
predict the thermal response of a conical cathode of a MPD
arcjet when it operates intermittently.
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